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ABSTRACT 


A  radar  is  constrained  to  scan  within  a  volume  of  space  modeled  as  a  cone  with  the  apex 
at  the  radar.  The  threat-volume  is  modeled  as  the  frustum  of  a  right-circular  cone  in¬ 
verted  on  a  flat  earth  with  a  vertical  axis  and  with  the  height  equal  to  the  maximum  ac¬ 
quisition  altitude.  Threatening  objects  can  enter  anywhere  within  this  volume  above 
some  specified  minimum  re-entry  angle  that  determines  the  apex  angle  of  the  frustum. 
The  problem  solved  is  that  of  finding  the  minimum  surface  range  of  the  radar  that  permits 
the  entire  frustum  volume  to  be  included  within  the  given  scanning  cone.  The  important 
special  case  of  a  point  impact  zone  (base  radius  of  frustum  -*■  0)  isalso  discussed.  Results 
are  presented  showing  how  this  minimum  distance  is  affected  by  changing  (1)  the  mini¬ 
mum  re-entry  angle,  (2)  the  scan  angle,  (3)  the  maximum  radar  acquisition  altitude,  and 
(4)  the  impact-zone  radius.  Effects  of  earth  curvature  are  also  discussed.  These  results 
are  useful  as  one  aspect  of  optimizing  radar  location  in  terminal  defense  studies. 
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LIST  OF  SYMBOLS 

h  Maximum  radar  acquisition  altitude,  i.e.,  height  of  the 

threat-volume 

Rq  Radius  of  the  circular  impact  zone 

y  Minimum  re-entry  angle  of  the  RV 

P  Arbitrary  azimuth  approach  angle  of  the  RV 

< p  Half-angle  of  the  conical  radar  scan  region 

a  Radar  coverage  cone  boresight  axis  elevation  angle 

r  Normalized  impact-zone  radius  (r  =  RQ/h) 

D  Separation  distance  (surface  range)  between  the  radar  location 

and  the  impact- zone  center 

D  .  Minimum  separation  distance  (surface  range)  for  total  threat- 

volume  coverage 

o?D  Radar  boresight  elevation  angle  when  D  is  a  minimum  (Dmin) 

YH  Minimum  altitude  above  the  impact  zone  for  total  radar  coverage 

of  the  threat-volume 
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RADAR  LOCATION  FOR  COMPLETE  COVERAGE 
OF  REPRESENTATIVE  THREAT-VOLUMES 


I.  INTRODUCTION 

One  of  the  basic  problems  in  the  design  of  a  ballistic  missile  defense  system  is  radar 
placement.  The  radar  must  be  located  in  a  strategic  position  to  acquire  the  re-entry  vehicles 
(RV's)  at  a  predetermined  altitude  and  track  the  threatening  objects  until  they  are  either  de¬ 
stroyed  or  reach  their  destination  in  a  defended  zone  (e.g.,  city,  missile  base,  etc.).  The  threat- 
volume  is  modeled  as  the  frustum  of  an  inverted  cone  with  its  axis  perpendicular  to  the  earth. 

Its  height  h  equals  the  maximum  radar  acquisition  altitude,  and  its  smaller  circular  base  of 
radius  Rq  represents  the  impact  zone.  Re-entry  vehicle  trajectories,  which  will  be  assumed 
to  be  straight  lines,  may  have  any  re-entry  angle  larger  than  a  specified  minimum.  The  min¬ 
imum  re-entry  angle  y  also  determines  the  apex  angle  (90  —  y)  of  the  threat-volume  frustum. 

The  RV  may  enter  the  modeled  threat-volume  at  any  azimuth  angle  /3  and  any  re-entry  angle 
larger  than  y.  A  flat  earth  is  assumed. 

A  single-faced  array  radar  is  constrained  to  electronically  scan  a  volume  of  space  modeled 
as  a  cone  of  half-angle  <p  with  the  apex  at  the  radar.  The  problem  consists  of  finding  the  min- 
imum  surface  range  of  the  radar  that  permits  the  entire  threat-volume  frustum  to  be  included 
within  the  given  scanning  cone  (Fig.  1). 

The  mathematical  solution  to  this  complex  geometry  problem  has  useful  applications  to 
terminal  defense  systems  studies  as  one  aspect  of  optimizing  radar  location  about  the  defended 
zone.  In  particular,  results  are  presented  in  Sec.  II  showing  how  this  minimum  distance  varies 
parametrically  with  (a)  re-entry  angle,  (b)  scan  angle,  (c)  impact-zone  radius,  and  (d)  maximum 
radar  acquisition  altitude.  Effects  of  earth  curvature  are  also  discussed. 

Sec.  Ill  presents  a  detailed  mathematical  solution  and  discussion  of  various  important  special 
cases  such  as  the  ” point  impact  zone"  wherein  Rq  —  0  in  the  general  case. 

n.  DISCUSSION  OF  SOLUTION  AND  RESULTS 

Figures  2(a)  and  (b)  show  that  if  a  plane,  A-B-C-D,  parallel  to  the  flat  earth  (x-y  plane)  is 
allowed  to  cut  the  radar  coverage  cone  at  a  height  z,  the  boundary  of  this  intersection  (Radar 
Coverage  Boundary  Curve)^  is  a  major  factor  in  determining  threat-volume  coverage.  In  par¬ 
ticular,  threat-volume  coverage^  merely  requires  that  (a)  the  larger  frustum  circular  boundary 
(threat-lid)  remain  completely  internal  to  the  RCBC  at  the  maximum  coverage  (acquisition) 


t  Hereafter  referred  to  as  RCBC. 
t  See  Sec.  III. 
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Fig.  1.  Radar  coverage  of  threat-volume. 


(a) 


(b) 


Fig.  2.  Radar  coverage  boundary  curve  geometry. 
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altitude  h,  and  (b)  that  the  circular  impact-zone  boundary  curve  remain  internal  to  the  RCBC  at 
z  =  0  while  we  minimize  the  separation  distance  D  between  the  radar  location  and  the  impact- 
zone  center.  It  can  be  shownt  for  particular  values  of  h,  <p,  and  a  that  two  regional  solutions 
result  for  complete  radar  coverage  of  a  threat-volume  with  a  finite  circular  impact  area.  The 
point  impact-zone  solutions  (R  —  0)  are  shown  to  be  special  cases  of  these  solutions. 


Case  1  -  Circular  Impact  Zone  (Rq  ^  0) 

Region  1:—  Examination  of  Fig.  2  reveals  that  D  will  be  a  minimum  when  ot  is  less  than  c p 
and  both  the  threat-lid  and  the  impact  zone  are  tangent  to  the  RCBC  at  z  =  h  and  0,  respectively. 
The  value  of  D  is  a  minimum  in  this  situation  because  either  tilting  the  radar  coverage  cone  up 
or  down  will  result  in  inadequate  coverage  of  the  impact  zone  or  the  threat-lid.  In  this  region, 
the  solutions  for  D  and  the  optimum  boresight  elevation  angle,  are  given  by 


u  _  |  2  ,  [(coty  +  r)2  +  1  -  r2]2 

D  .  =  h  esc  ip  Jr  +  — - - - - - = - - — 

m  in  Y  I  7 


cvD  =  cot 


-1 


cot  (p  + 


(2  sec (p) 

2r  esc  cp 

2  2 

(  cot  y  +  r)  +  1  —  r 


1/2 
1/2 


for 


y*  <  y  <  90° 


where 


y *  =  cot  2  sec2  ip  +  r2  —  1  —  r^ 
r  =  Ro/h  . 


Region  1  is  designated  the  "tangent  region"  because  both  the  threat-lid  and  the  impact-zone 
boundary  curves  are  tangent  to  the  RCBC  at  z  =  h  and  0,  respectively. 


Region  2:—  For  values  of  0  <  y  <  y*,  the  radar  coverage  cone  can  be  dipped  down  and  moved 
closer  until  the  threat-lid  is  tangent  to  the  RCBC  at  the  widest  portion  of  the  radar  coverage 
cone,  i.e.,  across  its  diameter  [see  Figs.  3(a)  and  (b)].  Complete  coverage  is  provided  in  this 
configuration  because  (a)  the  radar  is  as  close  as  possible  to  the  impact  zone,  (b)  tilting  the 
radar  coverage  cone  either  up  or  down  will  cause  inadequate  coverage  of  the  threat-lid,  and 
(c)  the  angular  range  on  y  assures  impact-zone  coverage.  and  cv^  are  given  by 
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0  <y  <  y* 

in  region  2,  which  is  referred  to  as  the  "dip  region." 


t  See  Sec.  III. 
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TANGENT  POINTS 


Fig.  3.  "Dip  region"  for  circular  impact  zone,  (a)  Top  view;  (b)  side  view. 

Results:—  Table  I  summarizes  the  expressions  for  and  while  Figs.  4(a)  through  (c) 

present  plots  of  Dm^n/h,  the  normalized  separation  distance,  for  various  normalized  impact- 
zone  radii  (r  =  RQ/h)  and  radar  scan  half-angles.  Break  points  between  the  regional  solution  of 
regions  1  and  2  are  indicated  by  circles.  The  associated  radar  boresight  axis  elevation  angles 
are  given  in  Figs.  5(a)  through  (c).  The  plots  of  Dmin/h  illustrate  the  advantage  of  using  a  wide 
scan  radar  system  to  cover  a  particular  impact-zone  size.  A  closer  examination  of  the  plots 
for  constant  (p  (let  <p  =  60°)  and  constant  y  (let  y  =  20°)  reveals  that  the  increase  in  Dm^n/h  *s 
less  than  11  percent  for  a  100-percent  change  in  RQ/h.  This  result  indicates  that,  if  a  wide  scan 
radar  system  is  used,  the  impact-zone  size  does  not  significantly  affect  the  normalized  separa¬ 
tion  distance. 


Case  2  -  Point  Impact  Zone  (RQ  =  0) 

The  point  impact- zone  coverage  results  consist  of  four  regional  solutions  which  are  obtained 
from  the  general  solutions  of  Case  1. 

Two  of  the  regional  solutions  in  this  case,  namely  the  "tangent  region"  and  the  "dip  region" 

(when  R^  =  0)  are  straightforward  and  result  from  setting  R^  =  0  in  the  general  solutions  of 

Case  1  for  D  and  o'  .  The  two  remaining  solutions  are  described  as  follows, 
min  D  6 

"Trivial  Region!1 If  the  minimum  re-entry  is  large  enough,  the  radar  can  be  located  at 
the  impact  point.  This  impact-point  radar  location  (Dm-n  =  0)  is  possible  because  the  radar 
coverage  cone  is  large  enough  to  cover  completely  the  threat-volume  and,  in  particular,  the 
threat-lid  as  shown  in  Fig.  6(a). 

"Lip  Region":—  The  radar  coverage  cone  apex  has  to  be  located  a  distance  D  from  the 
impact  point  for  complete  threat-volume  coverage  if  the  radar  scan  coverage  cone  is  not  large 
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Dmin  A  '  MINIMUM  SEPARATION  DISTANCE  Dmin/h  -  MINIMUM  SEPARATION  DISTANCE 

NORMALIZED  TO  MAXIMUM  COVERAGE  ALTITUDE  NORMALIZED  TO  MAXIMUM  COVERAGE  ALTITUDE 


(a)  R/h  =  0.  125. 


(b)  R/h  =  0.  250. 


Fig.  4(a-c). 


Circular  impact-zone  minimum  separation  distance  vs  minimum  re-entry  angle. 
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Dmin/h  -  MINIMUM  SEPARATION  DISTANCE 
NORMALIZED  TO  MAXIMUM  COVERAGE  ALTITUDE 


(c)  R/h  =  0.500. 


Fig.  4.  Continued. 
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BORESIGHT  AXIS  ELEVATION  ANGLE  a  (deg)  BORESIGHT  AXIS  ELEVATION  ANGLE  aQ  (deg) 


MINIMUM  RE-ENTRY  ANGLE  y  (deg) 

(a)  R/h  =  0.  125. 


(b)  R/h  =  0.  250. 


Fig.  5(a-c).  Circular  impact-zone  boresight  axis  elevation  angle  vs  minimum  re-entry  angle. 
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(c)  R/h  =  0.500. 


Fig.  5.  Continued. 
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Fig.  6(a). 


Trivial  case,  D  .  =  0. 
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Fig.  6(b).  Lip  region. 
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enough  to  provide  the  total  coverage  outlined  in  the  "trivial  region."  Figure  6(b)  illustrates  the 
"lip  region"  where  the  threatTlid  is  small  enough  to  remain  internal  to  the  RCBC  while  having 
a  point  T  tangential  with  it  at  x  =  0. 

Results:-  Table  II  summarizes  point  impact-zone  mathematical  solutions  for  Dmin/h  and 
c*jy  Figures  7  and  8  show  normalized  radar  location  distances  and  boresight  elevation 

angles  (o^)  as  a  function  of  the  minimum  re-entry  angle  for  various  maximum  radar  coverage 
half-angles  (cp).  In  Figs.  7  and  8,  the  break  points  (determined  by  the  value  of  y)  between  regional 
solutions  are  indicated  by  circles.  Note  that  the  first  derivative  of  continuous  at  the 

break  points,  except  for  the  break  point  between  the  "trivial"  and  "lip"  regions. 

One  can  see  from  Fig.  7  that  the  minimum  radar-to-impact-point  distance  (Dmin)  signifi¬ 
cantly  reduced  for  larger  radar  scan  half-angles.  An  examination  of  the  20°  re-entry  shows  a 

55-Dercent  reduction  in  the  D  for  an  increase  in  radar  scan  capability  (the  half-angle  (f) 
r  min 

from  30°  to  60°.  This  result,  which  again  establishes  a  definite  advantage  for  a  wide  scan  angle 
radar  system,  can  be  used  in  trade-off  studies  to  fix  the  relationship  between  radar  scan  capa¬ 
bility  and  other  system  design  parameters  such  as  the  transmitter  power  required. 


TABLE  II 

CASE  2  -  FINAL  RESULTS  FOR  THE  POINT  IMPACT  ZONE  (R  =0) 

o 

Range  of  Validity 

D  .  /h 
min 

aD 

(180°  — 2<|>Kr 

"trivial  region" 

0  (23) 

«> 

(90°  —<(.)</<  (1 80°  —  2<(>) 

"lip  region" 

(cot  y  +  cot  2$)  (22) 

4> 

sin  1  (- cos  $)  ^  7  ^  (90°  ”  $) 

"tangent  region"  Rq  =  0 

(21a) 

2  sin  y 

-1  y/2 

0<  y  <  sin  (  cos  <|>) 

"dip  region"  R^  =  0 

/  2  2 
v/csc  y-sec  (23a) 

sin  <p 

or 

cot  a 

(23b) 

COS  $ 

-1 

tan 

tan  <|>  sin  y 

(23c) 

/  2a  .2 

L  vcos  <J>  —  sin  y  J 
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Fig.  7.  Point  impact-zone  case  (R  =  0)  minimum  separation  distance 
vs  minimum  re-entry  angle. 


MINIMUM  RE-ENTRY  ANGLE  /  (deg) 


Fig.  8.  Point  impact-zone  case  (Dm;n  ^  0) 
minimum  boresight  axis  elevation  angle  vs 
minimum  re-entry  angle. 
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A.  Flat-Earth  Approximation 

The  analysis  in  Sec.  II  above  is  based  upon  the  approximation  that  the  earth  is  a  horizontal 
plane.  If  the  earth  were  indeed  a  flat  plane,  the  results  of  our  analysis  would  specify  the  optimum 
radar  location  for  complete  coverage  of  a  particular  threat-volume  with  a  specified  radar  scan 
capability.  However,  the  earth’s  surface  cannot  be  represented  accurately  as  a  flat  plane  if  the 
radar  site  and  the  threat-volume  are  located  far  enough  apart  for  the  curvature  of  the  earth  to 
introduce  an  obstruction.  Figure  9(a)  illustrates  the  radar’s  inability  to  observe  the  impact  zone 
and  a  portion  of  the  threat-volume  (the  shaded  portion  of  the  threat-volume)  when  this  situation 
exists.  Here  we  will  determine  the  extent  of  the  radar’s  inability  to  observe  a  portion  of  the 
threat-volume  when  the  radar  site  and  threat-volume  separation  distance  (h>min)  is  obtained  from 
the  preceding  analysis  in  Sec.  II. 


13-44-9218] 


Fig.  9(a).  Round-earth  geometry.  Fig.  9(b).  Flat-earth  geometry. 

From  Fig.  9(b),  one  can  see  that  YH  is  the  minimum  altitude  above  the  impact  zone  for  total 

radar  coverage  of  the  threat-volume.  The  curves  of  YH  in  Fig.  10,*  for  various  re-entry  angles, 

may  be  utilized  to  determine  if  the  minimum  coverage  altitude  (YH)  is  acceptable  for  a  particular 

D  .  obtained  by  applying  the  flat-earth  analysis  for  the  point  impact  zone  (R  =  0).  If  YH  is 
min'  ° 

small  enough  for  a  particular  radar  coverage  design  problem,  the  analysis  of  Sec.  II  is  sufficient. 

As  an  example  of  the  radar  coverage  limitation  for  a  point  impact  zone,  if  we  let  the  minimum 
re-entry  angle  y  equal  20°,  and  the  radar  scan  angle  (p  equal  60°,  Dmin/h  wil1  equal  2.45  as 
shown  in  Fig.  7.  With  the  aid  of  Fig.  10,  we  can  construct  Table  III  to  show  the  effect  of  the 
earth's  curvature  in  limiting  low-altitude  coverage.  It  is  apparent  from  the  table  that  as  F>min 
increases,  and  if  we  design  for  extremely  high  radar  coverage  acquisition  altitudes,  YH  sig¬ 
nificantly  increases.  These  results  suggest  that  complete  coverage  of  a  threat-volume  from 
very  high  acquisition  altitudes  down  to  the  impact  zone  may  require  two  different  radar  locations. 

In  conclusion,  the  flat-earth  approximation  will  yield  useful  results.  However,  the  develop¬ 
ment  of  the  circular  and  point  impact  zones  in  Sec.  II  is  optimum  only  for  the  flat-earth  model. 


f  The  curves  of  Fig.  10  are  applicable  only  for  the  point  impact  zone  (RQ  =  0).  See  Appendix  E  for  the  YH  obtained 
from  considering  a  circular  impact  zone. 
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MINIMUM  LINE -OF-SlGHT  COVERAGE  YH  (km) 


Fig.  10.  Minimum  line-of-sight  coverage  for  point  impact  zone  (R  =  0). 


TABLE  III 

EFFECT  OF  EARTH'S  CURVATURE 

IN  LIMITING  LOW-ALTITUDE  COVERAGE 
(For  point  impact  zone,  y  =  20°,  Ro  =  0) 

h 

D  . 
min 

YH 

(km) 

(km) 

(km) 

YH/h 

50 

122.5 

1.5 

0.030 

75 

184.0 

3.0 

0.040 

100 

245.0 

5.0 

0.050 

150 

368.0 

13.0 

0.087 

200 

490.0 

24.5 

0.  123 

250 

613.0 

40.0 

0.  160 
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B.  Conclusions 


The  curves  of  Figs.  4(a-c)  and  7  will  allow  one  to  determine  rapidly  the  optimum  radar  loca¬ 
tion  on  a  flat  earth  for  representative  threats.  These  curves  demonstrate  that  the  minimum 
separation  distance  between  the  radar  and  the  impact-zone  center  is  reduced  significantly  by 
utilizing  radar  systems  which  are  capable  of  wide  scan  angles.  As  a  typical  example,  a  50- 
percent  reduction  in  separation  distance  (D  .  )  results  for  an  increase  in  the  radar  scan  half¬ 
angle  (cp)  from  30°  to  60°  when  y  =  20°. 

The  impact-zone  size  is  not  of  primary  importance  in  determining  the  separation  distance 
between  the  radar  and  impact-zone  center.  For  example,  a  100-percent  increase  in  the  impact- 
zone  radius  will  only  produce  an  11 -percent  increase  in  the  separation  distance,  for  the  typical 
values  of  <p  =  60°  and  y  =  20°. 

The  separation  distance  between  the  radar  and  the  impact  zone  increases  significantly  as 
the  radar  is  required  to  observe  higher  altitudes.  There  will  be  a  decrease  in  the  minimum 
altitude  observable  by  the  radar  because  of  the  obstruction  presented  by  the  earth's  curvature. 

The  curves  of  Figs.  4(a-c)  and  7  can  be  used  to  evaluate  radar  location  requirements  for 
more  complicated  definitions  of  threat  trajectories.  For  example,  if  a  reduced  radar  coverage 
(altitude  specification  h)  is  acceptable  for  low  re-entry  angle  trajectories,  then  the  curves  can 
be  used  to  establish  the  minimum  radar  separation  distance  for  low-  and  high-angle  trajectories. 
The  larger  of  these  separations  will  guarantee  the  required  coverage  of  the  threat-volume.  In 
a  manner  such  as  this,  the  curves  can  be  used  to  evaluate  rapidly  a  variety  of  radar  coverage 
requirements. 

III.  MATHEMATICAL  ANALYSIS 
Case  1  -  Circular  Impact  Zone  (Rq  ^  0) 

Again  considering  Figs.  2(a)  and  (b),  one  can  see  that  if  plane  A-B-C-I),  which  is  parallel  to 
the  flat  earth  (x-y  plane),  is  allowed  to  cut  the  radar  coverage  cone  at  h,  the  boundary  curve  of 
this  intersection  will  either  be  a  parabola  (for  a  =  ip)  or  a  hyperbola  (for  a  <  <p).  As  previously 
mentioned,  threat-volume  average  requires  that  (a)  the  circular  threat-lid  boundary  and  (b)  the 
circular  impact  zone  simultaneously  remain  internal  to  the  RCBC  at  the  acquisition  altitude  and 
on  the  flat  earth  (h  =  0).  Table  IV  contains  the  expression  for  both  the  parabolic  and  hyperbolic 
RCBC  together  with  the  first  three  derivatives  and  radii  of  curvature  (p)  for  each.  The  corre¬ 
sponding  expressions  for  the  boundary  of  the  circular  threat-lid  (z  =  h)  and  the  circular  impact 
zone  (z  =  0)  are  given  by 


d)t 


x 


(2) 


(3) 


jThe  subscript  v  refers  to  a  position  on  the  circumference  of  the  circular  cross  section  of  the  threat-volume  at 
height  z. 
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TABLE  IV 

EXPRESSIONS  FOR  EDGE  OF  THE  RADAR  COVERAGE  BOUNDARY  CURVE+ 


= 


r;  = 


Pc  = 


For  a  =  <p 


~  x^  +  h  cot  2<J> 


cot  <|> 


cot  <J) 

h 


,  [  /  x  x2  2  1 3/2 

h  tan  <|>  |1  +  cot  <pj 


For  a  <  $ 


j* 


2  2  2  2  2  2  2 

x  cos  <|>(cos  a  — cos  <J>)  +  h  cos  <{>  sin  cf>  —  (h  sin  a  cos  a) 

2  2 

(cos  a  — cos  <|>) 


x  cos  <f> 


fl  2  2  2  2 

Vx  (cos  a  —  cos  cj>)  +  h  sin  <}> 


,2  .  2 

h  cos  <f>  sin  <f> 

[  fl  2  2  2  2 

[\/x  (cos  a  —  cos  <f>)  +  h  sin  <|> 


2  2  2  2 

—  3h  x  cos  <J>  sin  <|>(cos  a  —  cos  <f>) 


u 


2  2  2  2.2 

x  (cos  a  —  cos  <f>)  +  h  sin  <p 


h  tan  <\> 


+<r 


2 

cos 

a 

.  2 

sin 

* 

3/2 


Note:  p  - 
c 


.  *  (y’)2l3/2 


f  See  Appendix  A  for  derivation  of  yc  for  a  <  <t>.  The  subscript  c  refers  to  a  position  on  the  radar  coverage 
boundary  curve. 
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where 


=  R(z)  =  z  coty  +  Rq 


for  x  >  0  and  0  <  z  <  h 


yv  =  y(x,  z) 


Only  one  condition,  which  is  both  sufficient  and  necessary,  must  be  met  if  the  threat-volume  is  to 
be  covered  completely  by  the  radar  coverage  cone.  This  condition  is  expressed  by  the  inequality 


(4) 


where 


yz  =  yv(z)  =  yc(z) 


If  we  let 


U(y  )  =  x  2(y  )  —  x  2(y  ) 
Jz  c  Jz  vVJz 


(5) 


this  implies  that 


(6) 


U(y  )  >  0  for  all  0  <  z  <  h 


Because  of  the  convexity  of  the  radar  conical  scan  region,  a  radar  which  can  cover  simul¬ 
taneously  the  threat-lid  and  the  impact-zone  circular  boundary  curves  will  also  cover  the  entire 
threat-volume  as  shown  in  Fig.  1.  This  follows  because  any  point  in  the  threat-volume  lies  on 
some  straight-line  segment  between  a  point  on  the  threat-lid  and  one  in  the  impact  zone.  There¬ 
fore,  the  point  is  internal  to  the  radar  scan  coverage  region  if  the  two  circular  boundaries  are 
internal  to  the  radar  coverage  boundaries.  Equation  (6)  now  can  be  reduced  to 


(7) 


U(yz)  >  0  for  z  =  0,  h 


The  minimum  radar  location  can  be  obtained  by  finding  the  y  which  causes  U(y)  to  be  a 

minimum;  that  is,  solving  for  the  y  from 


The  expression  in  Table  IV  for  yc,  where  a  <  <p t  can  be  written  in  the  form 


(8) 


where  A,  B,  and  C  are  functions  of  z. 

By  utilizing  Eqs.(l),  (9),  and  (5),  we  can  obtain  U(y  ). 


U(y  )  =  (A  +  1)  y2  +  (B  -  2D)  y  +  C  -  R  2  +  D2 
z  ^ 


10) 


where 


z  =  0,  h 


t  See  Appendix  A,  Eq.  (A-l). 
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for  use  in  Eq.(8),  thereby  yielding 


2D  -B 
ymin  2(A  +  1) 

U  .  ,  which  is  obtained  from  Eqs.(10)  and  (11),  is  given  by 


U 


min 


(2D  -  B)2 

4(A  +  1) 


2  2 

+  C  -  R  +  D 
z 


(11) 


(12) 


where 


z  =  0,  h 


The  expression  for  Um^n  (hereafter  referred  to  as  U  )  must  satisfy  the  inequality  (7)  for  both 
threat-lid  (z  =  h)  and  impact-zone  (z  =  0)  coverage.  Because  (7)  is  an  inequality,  the  limits 
must  be  properly  chosen  to  assure  that  D  is  a  minimum;  this  selection  of  limits  can  possibly 
be  made  by  considering  Fig.  1  where  it  can  be  seen  that  D  will  be  a  minimum  when  the  circular 
threat-lid  is  tangent  to  the  edge  of  the  RCBC.  This  follows  because  the  radar  coverage  cone  is 
as  close  to  the  threat-lid  without  any  portion  of  the  threat-lid  extending  outside  the  RCBC.  These 
conditions  are  expressed  by 


(a)  y;_(±x)  =  y^(±x)  when  x  =  a 


(b)  yv±(x)  >yc(x) 

(c)  pv(x)<pc(x) 


for  D  >  0,  a  ^  <p 


(13) 


The  condition  of  Eq.(4)  will  be  the  most  general  restriction,  satisfy  Eq.(13),  and  yield  D  if 
and  only  if  Um  (lid)  =  0  at  the  threat-lid  (z  =  h). 

Coverage  of  the  circular  impact  zone  is  specified  by  two  regional  solutions.  In  the  first 
region,  the  RCBC  is  tangent  to  the  impact-zone  circular  boundary  curve  (at  z  =  0)  and  the  con¬ 
ditions  of  Eq.  (13)  apply  for  z  =  0,  thereby  satisfying  Eq.(4)  where  (base)  =  0  must  again 
hold.  The  second  region  only  satisfies  conditions  (a)  and  (b)  of  Eq.(13)  and  therefore  causes  Um 
(base)  >  0  to  hold.  This  case  is  equivalent  to  a  small  enough  impact-zone  radius  that  threat-lid 
coverage  assures  adequate  coverage  of  the  impact  zone.  These  solutions  can  be  summarized  by 


Region  1 

U 

m 

(lid)  =  0 

and 

U  (base)  =  0 
m 

(14) 

Region  2 

Um 

(lid)  =  0 

and 

U  (base)  >  0 
m 

(15) 

where 

Um 

(lid)  =  U 

m 

|  z=h 

and  U  (base)  =  U  1  n 
m  m|z=0 

The  determination  of  when  to  use  each  case  can  be  related  to  the  design  parameters  cv,  R^,  <p , 
and  h  by  solving  for  the  value  of  y  where  region  1  applies  —  that  is,  where  Eqs.(4)  and  (13) 
must  be  satisfied.  If  y  is  less  than  a  critical  value  y*,  then  region  2  and  Eq.(15)  can  be  utilized 
where  the  threat-lid  is  optimumly  covered  and  the  impact  zone  is  more  than  covered.  The  criti¬ 
cal  value  y*  is  obtained  by  considering  the  impact-zone  subtended  half-angle  [see  Fig.  11(a)] 
when  the  conditions  of  Eqs.(13)  and  (4)  are  satisfied.  This  limiting  case  yields 
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Fig.  11(a).  Ground  plane  view  of  circular 
impact  zone  for  RCBC. 


13-44-92301 


THREAT-LID  \EIEm 


Fig.  11(b).  Threat-volume  geometry  showing 
angular  variation  for  Eq.  (17). 


R 


sinpc=  g- 


min 


7=7* 


where,  upon  solving  for  y *,  results  in 


t  *(\/ 2  sec2  <p  +  r2  —  1  —  r) 


y*  =  cot 

when  we  utilize  the  relationships  [see  Fig.  11(b)] 
cot  ip*  =  cot  y*  +  r 
R 

o 

r  =  IT  * 

The  minimum  value  of  D  can  now  be  obtained  for  each  of  the  two  cases. 


(16a) 

( 1 6b)1- 

(17) 

(18) 


Region  1,  y*  <  y  <  90°:—  In  the  "tangent  region,"  by  utilizing  Eq.(12)  with  Eq.(14)  and  solving 
for  D,  we  obtain 


D  .  =  h  esc  w  {  r  + 

min 


(coty  +  r)2  +  1  -  rZl2l  12 


c*D  =  cot 


-1 


(cot  (f  + 


2  sec  <p 

2r  esc  w 

- 2 - 2 

(coty  +  r)  +  1  —  r 


21  1/2 


(19a) 


(19b) 


Region  2,  0  <  y  <  y*:—  In  this  region,  designated  the  "dip  region,"  the  solution  for  Dmin  and 
cv^  which  satisfy  Eqs.(12)  and  (15)  is  given  by 


t  See  Appendix  B. 
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D 


min 


h \l (coty  +  r)2  —  tan2  < 

sin  (p 


(20a)t 


or 


D 

min 


h  cot  a  D 
2 


COS  ip 


(20b) 


aD  =  tan 


-1 


cos 


The  expressions  for  D  and  a 
min  D 


_ tan  ip _ 

I  2  2 

<f  \l  { coty  +  r)  —tan  ip 

for  the  circular  impact  zone  are  given  in  Table  I. 


(20c) 


Case  2  -  Point  Impact  Zone  (Rq  =  0) 

For  a  point  impact  zone  (Rq  =  0),  a  few  special  cases  result  which  are  not  only  of  interest 
but  improve  the  generality  of  the  overall  solution.  These  special  cases  result  from  the  "tangent 
region"  and  the  "dip  region"  of  the  general  solution  for  the  circular  impact  zone  by  letting  Rq  =  0. 

"Tangent  Region  (  Rq  =  0)":—  The  expressions  for  and  which  are  obtained  from 

Eqs.(19a)  and  (19b)  by  setting  Rq  =  0,  are  given  by 


D  .  =  h 

min 


°D  =  * 


cot 


H- 


2  sin  a 


sin  1  ("^T*  cos  (p)  <  y  <  (90°  —  (p) 


(21a) 

(21b) 


If  the  threat-lid  is  small  enough  to  be  wholly  internal  to  the  RCBC  and  has  only  one  point  of 
tangency  at  x  =  0  [see  Fig.  10(b)],  the  solution  for  D  .  results  in 


D  .  =  h(  coty  +  cot  2  w)  for  a  ~  =  (p  { 22) 

min  r  D 


when 

(90°  -  <p)<y4  (180°  -  Zip) 

The  angular  ranges  for  y  are  obtained  by  utilizing  condition  (c)  of  Eq.(13)  at  x  =  0,  which  implies 

^v- | x=0 ^  ^c I x=0 
h  cot  y  <  h  tan  ip 

where,  upon  solving  the  inequality,  gives  the  following  results 
(90°  — *)<y  . 

If  Dmin  is  set  equal  to  zero  [see  Fig.  6(a)]  in  Eq.(22),  the  larger  angular  limit  for  y  which  can 
be  solved  for  results  in 

D  =  0  =  h(  cot  y  +  cot  Zip ) 

y  =  (180°  -  Zip)  .  (23) 


t  See  Appendix  D  for  derivation. 
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When  y  >  (180°  —  2 <p),  equal  zero  is  obviously  a  trivial  case.  [Note:  D  =  0,  180°  —  {(p  +  y)^ 

a  ^  (</>  +  y)  is  a  singular  point  solution  in  the  range  (90°  —  <p)^y^  (180°  —  2(p);  i.e,,  there  is  no 

solution  for  0  <  D  <  D^.^.  Therefore,  this  trivial  solution  will  be  ignored  to  yield  a  continuous 

function  of  D  .  (c*).l 
min  1 

"Dip  Region  (  Rq  -  0)":—  If  Rq  =  0  in  Eqs.  (20a)  through  (20c),  Dmin  and  are  given  by 


u  / 2 2 

P  _  h\l  esc  y  —  sec  <p 
min  “  sin  tp 


h  cot  a 


D 


D 


where 


min  __  2 

COS  (f 


°D  =  tan_1( 


tan  (p  siny 


I  2  72 

v  cos  (p  —  sin  - 


-1  \f2T 

0  <  y  <  sin  (  cos  <P ) 


(23a) 


(23b) 


(23c) 


Table  III,  which  is  a  summary  of  the  special  cases  for  the  point  impact  zone  (Rq  =  0),  contains 
expressions  for  and  their  range  of  validity  as  controlled  by  y. 
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APPENDIX  A 

HYPERBOLIC  BOUNDARY  CURVE 
(Derivation  of  equation  for  yc  in  Table  IV  for  «<</?) 


Visual  reference:  Fig.  2(a). 

Let 

B  =  a  unit  vector  along  the  boresight  axis  (0  to  ba) 

T  =  a  unit  vector  from  point  0  to  the  cone  and  plane  intersection,  thereby 
describing  the  boundary. 

From  Fig.  2(a),  note  that  the  following  are  true: 


B  =  (  0,  cos  a ,  sin  a  ) 


t  =  U.  yc>  h). 


Therefore, 


cos  (p  = 


B  •  T 


y  cos  a  +  h  sin  a 
J  c 


Upon  simplification,  one  obtains 


y, 


c 


/  2  2  2  2  22  2 

\l  x  cos  <p{  cos  a  —  cos  </? )  +  h  cos  (p  sin  (p  —  (h  cos  a  sin  a ) 

2  2 

(cos  a  —  cos  (p) 


(A-l) 
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APPENDIX  B 

CRITICAL  RE-ENTRY  ANGLE  y* 
[Derivation  of  Eq.  (16b)  for  y*] 


Utilizing  Eq.(l6a), 


sin/Jc  =  d~~\ — : 

min  1  y=y* 

and  the  result  of  Appendix  C 

o  2  „ 

2  .  cos  <p 
cos  0c  =  - 2- 

COS  O' 

J i  —  cos2  (3  -  I i  —  £££_£.  -  sin/?  = 

c  /  2  c 

cos  a 

>ing  the  "dip  region"  for  threat-lid 
tion  change  of  Eq.  (17),  then  D  ^  can  be  written 


D  . 


'min  1  y=y* 

Since  we  are  using  the  "dip  region"  for  threat-lid  coverage  from  Case  1  [Eq.  (20a)]  and  the  nota- 


(B-l) 


D  .  | 
min  1  y=y* 


I  2  2 

hv  esc  4*  —  sec  y 


sin  <p 


(B-2) 


By  equating  (B-l)  and  (B-2),  we  obtain 

R 


R  sin  ip 
o 


_  cos  0  _  _ 

cos  a  Dmin'y=y*  hN/csc2  **  _  sec2  v 

Solving  for  cot  ip*  in  order  to  use  Eq.(17)  to  obtain  y*,  we  must  labor  through  the  following: 

2  2.2  R 

cos  0  r  sin  <p  ,  o 

1  z  ~  "  2~  z.  "  where  r  -  h 

cos  a  (esc  ip*  —  sec  <p) 

2  2  2  2  2 
(esc  —  sec  </?)[!—  cos  (p(l  +  tan  o-)]  =  r  sin  ip 

To  eliminate  a,  we  use  Eqs.(20c)  and  (17)  thereby  obtaining 

tanc p  sirup* 


oi  =  tan 


■’( 


4 


2  2 
cos  (p  —  sin  ip* 


) 


2  2 
(esc  ?/>*  —  sec  tp) 


1  —  cos  (p  ll  4 


2  .  2 
tan  <r  sin  ip* 

— z  — — : 

(cos  <p  —  sin  ^>*) 


2  .  2 
=  r  sin  ip 


cos2  tp  —  sin2  ip*]  \A  _ 2  [cos  ip  4-  sin  ip*(tar\  <p-l)]| 

2  2  1 1  COS  ^  2  2  I  ( 

sin  ip*  cos  tp  J  |  1  cos  </:  —  sin  ip*  J  | 

By  using  squared  trigonometric  identities  and  simplifying,  we  obtain 


2  .  2 
=  r  sm  tp 


2  .  2  ,  2  2 
cos  <p  =  sin  ip*{r  cos  ip  +  2) 


It  follows  that 

2  2  2  2 

esc  ip*  =  r  4-2  sec  </>  =  1  4  cot 

2  2  2 

cot  ip*  =  r  +2  sec  <p  —  1 
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From  Eq.(17),  we  obtain 


/  2  2 

coty*  =  —  r  ±  v  r  +2  sec  cp  —  1 

where  the  negative  radical  solution  can  be  eliminated  since  y*  must  be  in  the  first  quadrant. 
Therefore, 

y*  =  cot 


-*w 


2  sec  (p  +  r 
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APPENDIX  C 

COSINE  PRODUCT  IDENTITY 
(Derivation  of  identity  used  in  Appendix  B) 


Visual  reference:  Fig.  C-l. 
Let 


H  =  altitude  of  radar  cone 

r  =  radius  of  radar  cone  base  circle  at  cone  altitude  f 
c 

(3  ^  -  angle  subtended  by  cone  intersection  with  x-y  plane  and  y-axis 
s^  and  b^  are  shown  in  P^ig.C-1. 


From  the  figure,  note  that  the  following  are  true:  cos  a  =  f/s^;  tan<p  =  r^/f;  tan/3^  =  R^/s^; 
tan  o'  =  b^/f.  Consider  the  right  triangle  formed  by  r^,  Rq,  and  b^ 


2  2  2 
r  =  R  +  b, 
col 


(f  tan  {p)^  -  (s^  tan/3(  )2  +  {£  tano)2 


(tan2  (3^)  (i 2  sec2  n)  +  (£  tan  oi  )2 


2  2  2  2 
tan  ip  -  tan  f3  sec  a  +  tan  a 


making  use  of  squared  identities 


/  2 

(  sec  (p  —  1 )  = 
2 

sec  tp  - 


2  2  2 

sec  cv(sec  (3^  —  1)  +  (sec  a  —  1) 

2  2  o 

sec  o  sec  B 

c 


therefore, 


cos  (f  =  cos  o  cos/3^ 


cos  p  =  cos</?/cosa' 


Fig.  C-l.  Radar  coverage  of  circular  impact  zone. 
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APPENDIX  D 

" DIP  REGION”  SOLUTION  FOR  Dmin  AND  aD 
[Derivation  of  Eqs.  (20a)  and  (20b)] 


Visual  reference:  Figs.  3(a)  and  (b). 

If  we  utilize  condition  (a)  of  Eq.(13),  Eq.(2),  and  for  a  <  (p  from  Table  IV,  the  x  co¬ 
ordinates  (±a)  of  the  tangent  points  in  Fig.  3(a)  can  be  found  from 

y;_(a)  =  y'c(a) 


I  2  2  2  r  2  2  2  2  2 

h  ( cot  y  +  r)  — a  \l  a  ( cos  a  —  cos  ip)  ■ f  h  sin  (p 


to  be 

a  =  ±h  cos  n/ (cot y  +  r)2  —  tan2  <p  .  (D-l) 

cos  oi  r  i  v  \  l 

The  length  of  the  boresight  axis,  l  [side  view  of  Fig.  3(b)]  between  the  radar  location  (0,  0,  0)  and 
its  intersection  the  threat-lid  (0,  b,  h)  is  given  by 

i  -  h  esc  a  .  (D-2) 

The  following  relation  can  be  obtained  from  the  triangle  formed  by  the  coordinates  (a,  b,  h), 

(0,  0,  0),  and  (0,  b,  h) 

a  =  f  tan  <p  .  (D-3) 

If  Eqs.  (D-l),  (D-2),  and  (D-3)  are  combined,  an  expression  for  a  can  be  found 


tan  cv 


D 


tan  (p 


I  2  2 

cos  (p  n/  (cot  y  +  r)  —tan  <p 


D 


can  be  written  from  inspection  of  Fig.  3(b)  as 


D  .  =  h  cot 

min 


f  2  2  2 

a  +  v  h  (coty  +  r)  —  a 


where  Eqs.  (D-l)  and  (D-4)  can  be  used  to  reduce  Eq.  (D-5)  to 
D 


h  \T{ 


2  2 
coty  +  r)  —  tan  <p 


min 


sin  (p 


If  Eqs.(D-6)  and  (D-4)  are  substituted  into  Eq.(15),  the  relationship  for  U  (lid)  is  equal 


(D-4) 


(D-5) 


(D-6) 


to 
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APPENDIX  E 

MINIMUM  COVERAGE  DEVELOPMENT 


Let 


=  radius  of  circular  impact  zone 

M  =  radius  of  the  earth 

YH  =  minimum  coverage  height. 

I.  POINT  IMPACT  ZONE 

The  following  relationships  are  obtained  by  considering  the  individual  triangles  of  Fig.  E-l 


Triangle  ODL 

Z  =  M(  sec  ©  —  1 ) 

(E-l) 

Triangle  ABI 

YH  =  X  tany 

(E-2) 

Triangle  ABL 

(YH  -  Z)  =  X  tan© 

(E-3) 

Triangle  DOI 

I)  =  2M  sin(©/2) 

min  ' 

(E-4) 

^  -1,1  /1)min\2 

9  =  COS  1  -  2  {  M  ) 

(E-5) 

Equation  (E-5)  is  an  alternate  form  of  Eq.(E-4)  obtained  by  using  half-angle  identities. 
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By  dividing  Eq.(E-2)  into  Eq.(E-3),  we  obtain 


Z  .  __  tan  Q 
YH  ~  1  tany 


YH 


Z  tany 
tan  y  —  tan  0 


Utilizing  Eq.  (E-l ), 


VLJ  _  M(sec0  —  1)  tany 
YH  tany  -  tan© 


By  multiplying  the  numerator  and  denominator  by  (cosy  cos  </?),  we  obtain 


M(  1  —  cos  0)  siny 
siny  cos  0  —  sin  0  cosy 

M(  1  —  cos  0)  siny 
sin(y  —  0) 


Combining  Eqs.(E-5)  and  (E-8a)  yields 


YH 


D  .  sin  y 
min  r 


2M(siny  cos  0  —  sin  0  cosy) 


(E-6) 


(E-7) 


(E-8a) 


(E-8b) 


(E-9) 


where 


0  =  cos 


1 


2 


[Eq.  (E  —  5)1 


These  results  can  be  simplified  for  rapid  calculations  by  making  use  of  the  small  angle  approxi¬ 
mations  for  0. 

For  small  0, 


therefore, 


D 


cos  0 


and  sin  0 


M 


YH 


0.5D  siny 
_ min  1 

M  siny  —  D  .  cosy 
1  min  r 


(E-l  0) 


II.  CIRCULAR  IMPACT  ZONE 


The  following  relationships  are  obtained  by  considering  the  individual  triangles  of  Fig.  E-2: 


Triangle  WEI 


P  =  R  tany 
o 


Triangle  ABL 


(YH  -  Z)  =  X  tan© 

Triangle  ABW 

(YH  +  P)  =  X  tany 


Triangle  ODL 


(E-l  1 ) 


[Eq.  (E-3)] 


(E-12) 


Z  -  M(  sec  0  —  1 ) 


[Eq.  (E-l)] 
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Fig.  E-2.  Limiting  coverage  geometry 
for  circular  impact  zone. 


By  dividing  Eq.(E-3)  by  Eq.(E-12),  we  obtain 

YH  -  Z  tane 
YH  —  P  tany 


satisfying 


YH  = 


Z  tan  y  t  P  tan  0 

tany  —  tan  0 


( E  - 1  3 ) 


By  utilizing  Eqs.(E-l),  (E-5),  and  (E-ll)  and  by  multiplying  the  numerator  and  denominator 
by  (cosy  cos0),  we  obtain 


YH  = 


(%r  +  Ro sine) sin^ 


siny  cos  0  —  sin  ©  cosy 


(E- 14) 


where 


0  =  cos 


-1 


-H 


D  .  x2 
minx 

M  ) 


[Eq.  (E-5)] 


Once  again,  small  angle  approximation  may  be  used  on  Eq.(E-14)  to  obtain 


YI1 


I  0. 5D  .  +  R  ]  siny 

1  min  o1 


M  siny 

D  . 


cosy 


( K -15) 
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